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\l , Abstract 



o 
o 



The elliptical stadium is a curve constructed by joining two half-ellipses, with half axes a > 1 and 
b = 1, by two straight segments of equal length 2h. 

Donnay has shown that if 1 < a < \/2 and if h is big enough, then the corresponding billiard 
\ map has a positive Lyapunov exponent almost everywhere; moreover, ft — + cx) as a \/2- 

In this work we prove that if 1 < a < a/ 4 — 2\/2, then h > 2o^\/a^ — 1 assures the positiveness 
of a Lyapunov exponent. And we conclude that, for these values of a and h, the elliptical stadium 



o 



■ billiard mapping is ergodic and has the K-property. 

o 

^ ■ 

^ ■ 1 Introduction 



X 



The plane billiard consists in the free motion of a point particle on a connected bounded region in 
TZ^, being reflected elastically at the boundary. The billiard defines a 2-dimensional discrete dynamical 



' system. 



Depending on the boundary, this discrete dynamical system may have different dynamical behaviour. 
For instance, if it is a circle or an ellipse, it is known that the system is integrable, and the phase space 
is ordered by invariant curves (figure l|). 

A quite different situation appears when the components of the boundary have negative curvature. The 
system is, then, ergodic and almost every orbit is dense on the phase space (as in Sinai billiards). 

The first example of an ergodic billiard with convex boundary was given by Bunimovich |^ . The boundary 
is the circular stadium, composed by joining two half-circles by means of two straight segments of equal 
length. 

A convex generalization is the elliptical stadium, composed by two half-ellipses, with half axes a > I and 
b = 1, joined by two straight segments of equal length 2h. For a = 1, ie, for the circular stadium billiard, 
h > implies the existence of a positive Lyapunov exponent almost everywhere. This will not be the 
case for a 7^ 1 and small values of h, because the structure of the phase space of the elliptical billiard is 
not as degenerate as that of the circular billiard (figure |l|) . 

* During this work, partially supported by Fac. de Ciencias, Uruguay, 
t Partially supported by CNPq, Brasil. 
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Figure 1: Phase space of the circular, the eUiptical and the circular stadium billiards 



V. Donnay, in [|j , proved that for the billiard on the elliptical stadium, if 1 < a < V2 and h is sufficiently 
big, then there is a positive Lyapunov exponent almost everywhere. Also that h must grow as a increases 
to \/2. And he gives a challenge: "One could try to calculate bounds on these lengths." 

In m, Canale and Markarian studied this problem numerically and, varying a, found a value h{a) such 
that if < /i < h{a), the billiard does not seem to be chaotic and, ii h > h{a), it seems ergodic. 

In this article we give a partial answer to Donnay's challenge. We prove that if 1 < a < then 
h > 2a^\/a^ — 1 assures the positiveness of a Lyapunov exponent. To do so, we construct a cone-field, 
eventually strictly invariant under the derivative of the billiard map, and apply Wojtkowski's Theorem 
[Q . The magic number v4 — 2\/2 is related to the structure of bifurcation of hyperbolic caustic periodic 
orbits of the elliptical billiard (see figure ||) . 

The existence of a positive Lyapunov exponent, meaning sensitive dependence on initial conditions, does 
not automatically imply ergodicity. However, in this example, as the numerical experiments suggest, 
ergodicity (and K- property) can be proved. In fact, the additional conditions required on the Fundamental 
Theorem of Sinai and Chernov are satisfied by this system (see [|o| and §). 



2 Billiards 



Let r be an oriented plane closed curve, or a finite set of (topologically) closed curves on the plane, and 
Q the region enclosed by F. The billiard problem consists in the free motion of a point particle on Q, 
being reflected elastically at the impacts on F. At any instant, the state of the particle is determined 
by its position and velocity. Since the motion is free on Q, all the motion is determined either by two 
consecutive points of reflection at F or by the point of reflection and the direction of motion immediately 
after each reflection. 

Let t e [0, L) be a parameter for F and the direction of motion be determined by the angle 9 with the 
tangent to the boundary. The billiard defines a map T from the annulus A — [0, L) x (0, tt) into itself. 
Let {to,9o) and (<i,6'i) G Ahe such that T(io,^o) — {ti,(^i)- As usual, we will call t cither the value of 
the parameter or the point F(t) at the boundary. If F is C*^, fc > 2, in some neighborhoods of to and ti, 
then T is a C'"'^^-diffeomorphism in some neighborhoods of {to, 9o) and {ti, 9i) T also preserves the 
measure dfi = sm9d9^dt |2), where s is the arclenght parameter for F. 

(A, fi, T) defines a discrete dynamical system, whose orbits are given by {(i„, 6'„) — T'^{to, 6*0)7 " •= Z}. 

The polygonal on Q, whose vertices are F(i„), n E Z, is often called the trajectory of the particle. Because 
of the obvious correspondence between orbits and trajectories, we will call both of them either orbits or 
trajectories. 



Figure 2: Coordinates for the elliptical billiard 



2.1 The Elliptical Billiard 

Given an orthogonal coordinate system in Ti? , let F be the ellipse ^ + — 1, with a > 1. Wc will use 
the angle (p between the oriented tangent and the x-axis as a parameter for F (figure We will call 
half-ellipses the pieces of F corresponding to < < tt and tt < (p < 2tt. 

Each trajectory has a conic caustic, confocal with F. If a segment of a given trajectory cuts the segment 
joining the two foci, all the other segments of this trajectory will cut it and the caustic will be a hyperbola. 
If it passes by one focus, the trajectory will always pass by the foci, thus having the two foci as a degenerate 
caustic. Otherwise, the caustic will be an ellipse (see, for instance 

The phase space of the elliptical billiard is the annulus A = [0,27r) x (0,7r), with coordinates ip and 9. 
As F is C°°, the map T : Ais a. C°°-difFeomorphism, where ((/Si, 6*1) — T{tfQ, 9q) is given by: 

a tan 7 — a tan (y9o 2a tan((^o + ^^o) 

a ta,n (fix = , a tan 7 — 



1 + (a tan 7) (a tan (^0) ' 1 — (atan(iy9o + ^0))^ 

Oi = (^i-((^o + ^o) (1) 

and the derivative of T is (see, for instance JTsI): 

P,rp ^ 1 f ki - Ro sin 6*0 ^01 \ /r,\ 

^MvoM ^^sin^^ 1^ ;o^_i?osin0o-i?isin^i loi-RismOiJ' 

where Iqi is the distance between {x{ipo), yi^'o)) and {x{ipi),y{ipi)), and Ri — a^/(a^ sin^ ipi + cos^ "^0^^^ 
is the radius of curvature at (pi, j = 0, 1. 

T has no fixed points and has exactly four two-periodic orbits, being two elliptic (both eigenvalues of 
DT^ have moduli one) and two hyperbolic (the moduli of the eigenvalues of DT^ are one smaller and 
the other greater than one). 



/ — ^ — t" 
The function F{(f, 9) = , where e — is the eccentricity of the ellipse F, is a first integral 

for T, ie, F is constant on orbits under T (see, for instance, 0). Physically, F may be interpreted as the 

product of angular momenta about the two foci [Q . Geometrically, y/\ F{ipo, 9q) \ measures the length of 

the minor axis of the conical caustic |^. So, for every a > 1, the phase space A is foliated by the level 

curves of F (figure 0) . 

Let us call £—{ trajectories with elliptical caustic} and 7i={ trajectories with hyperbolic caustic}. The 
obvious correspondence between trajectories on the configuration space Q and orbits on the phase space 
A gives the following geometrical interpretation: 
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• trajectories over the major axis < — > period 2, hyperbolic orbits , _F = 

• trajectories over the minor axis < — > period 2, eUiptic orbits, _F = 1 — 

• trajectories that pass by the foci < — > saddle connection, F = 

• trajectories on £ < — > orbits with F > 

• trajectories on Ti, < — > orbits with 1 — a'^ < F < 0. 

Because of this interpretation, we will also call £ the set of orbits with F > and H the set of orbits 
with 1 - < F < 0. 

Poncelet's theorem |^ assures that trajectories that share the same caustic have the same dynamical 
behaviour. And to each conical caustic, or equivalently, to each integral curve F = k, we can associate a 
rotation number (see, for instance, |TT|). 



• For A: > (trajectories on £) Jacobi coordinates (see, for instance give a natural conjugation 
between £ and the trajectories of the circular billiard with ^ t: 12. It follows that, to each fc > 
we can associate a rotation number p(}t) G (0, 1), such that: 

— p = ^ e Q,{n,p) = 1 corresponds to periodic orbits of period p, with TP{lpo,9o) = 
{ipo + 2mT,ao) = (i^o,ao)- 

— p £ TZ\ Q corresponds to dense orbits (dense on the level curve) . 

• For 1 — a'^ < fc < (trajectories on Ti) notice that every periodic orbit has an even period and 
(0, 7r/2) and (tt, 7r/2) are elliptic fixed points of the integrable, measure preserving diffeomorphism 
T^, with eigenvalues 



A, = e^^^'^A'^) where vJa) = - arctan "^^^"^ \ j = 1, 2. 
Notice that for a — V2, = ±1. 

So, to every level curve it is associated a rotation number r such that 



, , 1 2V^2^ 
i/(a) = — arctan — < r < 1. 

— T = ^ € Q, (n,p) = 1, corresponds to periodic orbits of period 2p, crossing 2n times the minor 
axis of r. 

— T E TZ\ Q corresponds to dense orbits (dense on the level curve). 



Notice that ^{a) is strictly decreasing, i/(a) — > 1, as a — > l"*" and i/(a) — > 0+, as a — > +oo. This 
indicates the first difference between the trajectories on £ and on Ti.: for each a > 1, we have periodic 
orbits of every period on £ , but not on Ti. For instance, orbits of period 4 exist only for a > ^/2, or there 
is no period 8 orbits if a < V4 - 2V2. On figure |^, we show the bifurcation diagram for periodic orbits 
on H. 

Another difference lies on where the trajectory touches the conical caustic. The tangency to the caustic 
on £ always occurs inside Q (ie, inside the original ellipse) and so, inside the segment of trajectory that 
joins two reflections at F. However, on Ti, the tangency may occur outside Q, ie, you do not necessarily 
have the point of tangency between two reflections at F. It may occurs even at infinity, if a segment of 
trajectory is contained on an asymptote of the caustic hyperbola. 

The results below give conditions to allow tangencies on Q for trajectories on H. 
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period 8 
T = 3/4 



period 6 



period 4 
T = 1/2 



period 6 
r = 1/3 



period 8 
r = 1/4 

a 

V4-2V2 2^/3/3 \/2 2 \/4 + 2^2 

Figure 3: Diagram of bifurcation of periodic orbits on H 

Lemma 1 Suppose that a trajectory {T"'{ipQ, 9o)} G Ti. has two consecutive reflections at the same half- 
ellipse. If 1 < a < then the tangency between the segment joining those two reflections and the 
hyperbolic caustic occurs inside the billiard. 

proof: Suppose that those two consecutive reflections are at Lpo € [0, 7r/2] and ipi G [7r/2,7r] (the other 
cases are symmetrical). We will call (po(pi the segment joining T{(po) to r{(pi). 

For a fixed (po, if = Tr/2 — ipo, then Tp^(pT touches the caustic at its vertex (and so, inside Q). Suppose 
that there is a such that (fi G [7r/2,7r], and ipoipi touches the caustic outside Q. Then there is a 
such that ipi G [tt/2, tt], and ipofi has the tangency exactly at the boundary. But this means that either 
T{ipo) or r((/9i) is the intersection of the hyperbolic caustic and the elliptical boundary and, since they 
form an orthogonal family, either Oq or 9i = tt/2. 

But if 1 < a < V2, (^0 G [A:7r/2, (fc + l)7r/2] and 6*0 = Tr/2, then ipi G [(fc + 2)7r/2, (fc + 3)7r/2] (§), and 
this implies that ipo and fi are not on the same half-ellipse. 

Lemma 2 Suppose that a trajectory {T"((^Oj^o)} ^ ^ ^o.^ two consecutive reflections, ipQ and (pi, at the 
same half-ellipse. If 1 < a < v^— 2\/2, then the tangency between each one of the segments (p-i(pQ and 
(fQLpi and the hyperbolic caustic occurs inside the billiard. 

proof: {r"(iy9o, ^'o)} G H.. So, F{ipo,do) — ko <0. Fix this hyperbolic caustic fco- Call 9{ip) the solution of 
F{ip,9{ip)) — ko. The piece of trajectory ((y5_i, 0((y9_i)), (0, 6'(0)), ((/?i, 0((/9i)) is such that and G [0, tt], 
and (p-i and G [tt, 27r]. So, by lemma ||, and since \/4 — 2y/2 < \/2, O^fii and (p-iO touch the hyperbola 
inside Q. Suppose that for a given ipo G [0,7r/2], F{ipo,9o) — fco, (fii G [7r/2,7r] and ip-iipa touches the 
hyperbola outside Q. Then, there exists a ^Jq G [0, 7r/2], with F{ipo, 9{ipQ)) = fco, (fi G [7r/2,7r], and 
ip-itfo has the tangency exactly at the boundary. Since tpi G [7r/2,7r] and a < \/2, 9{if-i) = 7r/2. 

Fix now the configuration {ip-i, 7r/2) i-^ {ipo, Bq) {ipi, 6*1), G [37r/2, tt], 1^0 S [0, 7r/2], ipi G [7r/2, tt]. 
There exists a fci, > fci > fco, such that F{lpo,9o) = fci, and the piece of trajectory is ((^_i,7r/2) 1-^ 
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Figure 4: Elliptical stadium 

{ipo,9o) I—!- (tt, Completing this trajectory, we see that it has period 8 and crosses the minor axis 6 
times, or has r = 3/4 that exists only if a > ^4 - 2V2. 

Corollary 3 Suppose that a trajectory {T"" (ipo , 9q)} £ Ti. has two consecutive reflections ipo and (pi at 
the same half-ellipse. If 1 < a < \/4 - 2V2, then the tangency between each one of the segments ip^iipf), 
ipoipi and ^piif2 and the hyperbolic caustic occurs inside the billiard. 

proof: Apply lemma twice. 



2.2 The Billiard on the Elliptical Stadium 

The boundary of the elliptical stadium is a curve T constructed by joining two half-ellipses, with major 
axes a > 1 and minor axes 6 = 1, by two segments of equal length 2h, as shown in figure ^. 

r is a Jordan curve, convex, but not strictly convex, globally but not C^, and piecewise C°°. We 
parametrize F by the angle ip on the half-ellipses and by the arclenght parameter on the straight parts. 

The billiard map associated to F 

S: [0,277 + Ah] X {0,tt) — > [0, 27r -I- 4/i] x (0, tt) 
{to, do) I — > {ti,6i) 

is piecewise C°°, but globally only C". 

The derivative of S is: if to and ti belong to the elliptical part, then DSi^to,Oo) is equal to (||); 
if to belongs to the elliptical part and ti to the straight part, then 

J f koloi - sin 6*0 loi 

sin 6*1 \ -fcosin^i -sin^i 



^ ( "-O'Ol— omcQ toi \ /ON 



if to belongs to the straight part and ti belongs to the elliptical part, then 



HQ _ 1 / -sin6'o loi \. 



sin 6*1 \ -/cisin^i fci^oi-sin^i 
and if tg and ti belong to the straight part, then 



DQ I ^oi/sin6li , , , 



where ki is the curvature of the ellipse at fi and loi is the length of the segment tot 
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TT 7r + 2/i 27r + 27i 

Figure 5: Integral curves and caustics in the half-ellipses 

It is easy to see that for every [to, 0o), with to G (0, tt) (resp. (7r+2/),, 2n+2h)), there exists an n = n{to, Oq) 
such that S"{to, Oq) = {tn, On), with t„ e (tt + 2h, 27r + 2/i) (rcsp. (0, tt)), ie, if we begin in a half-ellipse, 
we will reach the other one on a finite number of iterations. 

This allows us to construct a restricted map: 

R: B — > B 

where B = {[0. tt] y [tt + 2/i, 27r + 2h]} x (0,7r), cpi is the next reflection at a half-ellipse and 9i is the 
direction of motion immediately after the reflection at (fii. 

Notice that while the reflections remain at the same half-ellipse, R is just T, the diffeomorphism associated 
to the elliptical billiard. So, for those reflections, the orbit will stay on an integral curve of the elliptical 
billiard. 



3 Main Tools 

3.1 Cone- fields and consequences 

Let r = {7(t) = {x{t),y{t)),t € [0,X)} be a C'^-piecewise Jordan curve in R"^, k> 1, Q the region of R^ 
bounded by F and A the annulus [0, L) x (0, tt). 

Let T : Ahe the local C''~^ measure preserving diffeomorphism associated to the billiard on Q. 

Definition 1 For each {t, 9) G A, the Lyapunov exponents of T at {t, 9) are given by: 

X+{t,9) = lim -In II £)T"(t,6i) II 
X-{t,9) = -X+{t,9) 

Definition 2 Given two linearly independent vector fields Xi{t,9) and X2{t,9) in the tangent space 
T(t,e)-^ ~ 0. cone in T^^^g-^A is defined by 

C{t,e) = {rXi{t,9)+sX2{t,9),r.s > 0}. 

Its interior is 

int{C{t,9)) = {rXi{t,9)+sX2{t,9),r.s >Oorr = s = 0}. 
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A measurable cone-field is a family of cones {C{t,6)} C TA defined fi-almost everywhere, and such 
that the vectors Xi{t,6) and X2{t,6) vary measurably with {t,9). 

THEOREM (Wojtkowski,Q) Let C{t,9) be a measurable cone field such that for almost every {t, 9), 

DT{C{t,9))ciC{T{t,9)) 
and for almost every (t, 9) there exists a k{t, 9) for which 

DT'''^i-fi){C{t,9)) C mtC(T'^(*''')(i,6l)). 
Then the Lyapunov exponents X^{t,9) are positive for almost every {t,9). 
(Such a cone-field is called eventually strictly invariant.) 

Our goal is to construct a measurable cone-field, eventually strictly invariant under the derivative DS 
of the map associated to the billiard on the elliptical stadium. But S is not differentiable at t = 0, n, 
t: + 2h, 2TT + 2h. 

For a e [0,27r-|-4/i], let 

Wc, = {(to,6'o) G [0,27r + 4/i] X (0,7r) such that3n e Z, S'"(to,6'o) = (a,^'n)} 

= U 5"({(a,0),^e(O,7r)}) 

nez 

ie, the images of a vertical line on [0, 27r + Ah] x (0, tt). ii{Wa) ~ because ^({(a, 9),9 £ (0, tt)}) = and 
S is measure preserving. Let W = Wq [j IJ U ^27r+2ft- Then fi{W) — and we will work on 

[0, 2tt + Ah] X (0, tt) \ W. 

On the other hand, on the straight part of the elliptical stadium, DS is just a translation and an inversion. 
So, it is enough to construct a cone-field strictly invariant under DR, the derivative of the restricted map 
R, oiiB\{Wf]B). 

Finally, if a given trajectory, between {(po,9o) and (<pi,0i) = i?(<po,^o) hits q times the straight part of 
the elliptical stadium, then 

(-1)^ f loi-Rosm9o loi 

^{vo ,eo) y _ sin 0^ - sin 9i 1^- Ri sin di 

So, the image under DR of a cone C{ipo,9o) can be inverted when arriving at ((^1,^1). But, as — C — 
{r{—Xi) + s(— X2), rs > 0} = {rXi + 3X2, rs > 0} = C, all that will interest us is the slope of the 
boundaries of the cone. 




3.2 A little bit of optics 

We are going to follow Donnay ideas giving an optical interpretation of the tangent space. 

From now on, we are going to suppose that F is strictly convex (although the elliptical stadium is not 
strictly convex, we are going to reduce our problem to the elliptical part of the boundary, looking only 
to the restricted map R). 
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Definition 3 A pencil of rays is a curve in the phase space A, given by rj : (— e, e) — > A, 77(0-) = 
{Lp{a),9{a)). The base point of the pencil is 77(0) — {lpq.Oq), the span is ri'{0) — (a, (3) e T^^^^ g^-fA and 
the slope is /3/a. 

To each a G (— e, e), we can associate a straight line r(a), passing by T{ip{a)), with slope taii{ip{a) + 9{a)). 
The core of the pencil is the straight line rg — r(0). Let P{cr) = r{a) P| rg, cr 7^ 0. A pencil r] focus at 
Pq = liiHo-^o Pio'), if the limit exists. 



If Pq ~ {x,y) exists, it is given by the equations 

sec'^iifa + Oo){l + —){x — xo) = (tan-(ipo + 9a) cos ipo — sin ^po) Ro 
a 

y-yo = tan((y5o + 6'o)(x - xo), 
where (xq, j/o) = ^{^a)j ^0 = ^(0) and Rq is the radius of curvature of F at cpQ. 

So Pq depends only on the base point {(po:(^o) and the slope P/a. From the point of view of focusing 
properties, we may identify pencils with the same base point and slope to either the linear pencil r]{a) = 
{(fo + aa,9o + Per) or to the point {ipo,Oo,a, P) G TA. We can also define and calculate the focusing 
distance 

f ^- j^fu / \\ ^osin6'o 
,/ = dist{Po,(xo,ya)) = — —■ 

Notice that Rq sin 9q is the length of the intersection of the core of the pencil with the half-osculating 
circle at ipo (the half-osculating circle is the circle with radius Ro/2, tangent to F at ipo). 



3.3 Pencils of rays and beams of trajectories 



When we give a pencil of rays, we give a collection of initial conditions of the billiard ball problem inside 
F. So, to a pencil of rays there corresponds a beam of trajectories. 

We may have to check if a given beam of trajectories 77(0-) = {if{a),9{aj) w {(po + acr, 9o + Pa) focuses 
forward and backward, after and before the reflections at T{(p{a)). The forward focusing distance is given 
by 

_ Rq sin 9o 

a 

and the backward, 

i?osin6'o 

fe - ^ p (SJ 

a 

because going backward is the same as going forward for the pencil 

77(0-) = (ifiicr), TT - 9(a)) w (ipo + acr, tt - (6*0 + Pa)) = {ipo + aa,TT - 9o - Pa) . 



To compare the image of a pencil with another pencil, we will use Donnay's Focusing Lemma rewritten 
as: 



FOCUSING LEMMA Let T : A ^ A be the map associated to the billiard problem at F. Let {ipQ, 9o), 
{ipi,9i) e A, {(pi,9i) = T{(pQ,9o). Let ri{a) be a pencil with base point {(pQ,9o), focusing forward at Pq 
and ^{a), a pencil with base point {ipi,9i), focusing backward at Pi. If Pq appears before Pi when going 
from F((/3o) to T{ipi) along the trajectory, then 

slope{T o ri{a)) > slope{S^{a)) . 
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4 Construction of a cone-field on TB 



4.1 Zones of the phase space B 



Take R : B ^ B, the restricted map defined in subsection 2.2. B ~ S1IJS2, Bi — [0,tt] x (0,7r), 
B2 ~ [tt + 2h,2TT + 2h] X (0, tt) sa [tt, 27r] x (0, tt), each one corresponding to the reflections at one 
half-elhpse. Let B = B \ {W{^B), W the measure zero set defined in subsection |3.4 B — i?ilJ_B2, 
B,=B^\{W^B^), i=l,2. 

Let Bi = Ui{j Ml where 

Ui = {(^0, 6*0) e Bi such that i?((^o, 6*0) e B2 and i?"\^o, ^'o) € B2} 
Ml = {(.^0, 6*0) e Bi such that either iT!((po, 6*0) e Si or i?"^((^o, 6*0) e Bi} 



The boundary of Ui is composed by two curves ip 1— > 9±{if) such that R(if,9+{ip)) — (tt, 6*1) and 
R^^{(p,6^{ipj) — (0, 6*1) with equation: 

/ ^ / NN tan(j9 

tan((p + 0±(^)) = , . 

1 =F V 1 + tani/j 

Notice that this boundary is contained on W. 

By symmetry, we define U2 and M2, with i?2 = f/2 U -^2- 



4.2 Caustic, Vertical and Horizontal Pencils 

If (<^o, So) e Afi (resp. M2), there exist m,n e Z, m < < n,Tn n such that i?'"((^o, 6*0), ^""'"^('^0, ^'o), 
. . ., i?"-i(^o,^o), ^""{^0,00) e Ml (resp. M2) §. And R' = T\m < i < n, because Mi C -Bi (resp. 
M2 C i?2)- So, there is a piece of the orbit of {(po, 6q) that behaves exactly as it would on the elliptical 
billiard. It stays on an integral curve F = fc of the elliptical billiard and this piece of trajectory has a 
caustic. 



Definition 4 The caustic pencil at {ipq,9q) is a curve 77 : (— e, e) —>■ Bi, i]{a) ~ {ip{(7),9{(7)) and 
F{rj{a)) — F{ip(), 9o) or, by identification, a tangent vector at (ipo, 9o) to the integral curve F — F{ipQ, 9q). 



Clearly, a caustic pencil focuses forward and backward at the point of tangency of its core with the conic 
caustic. Also, caustic pencils are transformed by T on caustic pencils. 

Lemma 4 On the elliptical billiard, with a < \/2, choose a trajectory on £ such that ifa £ [7r/2,7r], 
'^0 +9o > TT and ipi € [tt, 2tt] . The point Pq of tangency of ipoipi with the elliptical caustic is contained in 
the interior of the half-osculating circle at ip = tt. 



proof: Let us fix one elliptical caustic. To each {(p,9), ip £ [7r/2,7r], ip + 9 > tt, we associate P{p), the 
point of tangency with the caustic. Let </?o be such that P{(po) is the upper vertex of the elliptical caustic. 
Ordering the elliptical caustic via the counter clockwise orientation, we have that P{(po) < Pi'p) < P{'^)- 
It is clear that P{ipo) is contained in the interior of the half-osculating circle at p = tt. The integral curve 
associated to this caustic has a minimum at p — tt. So the maximum of the forward focusing distance 
for the caustic pencil is fg ~ ^'1^0^ = '^^ sm9. 
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Definition 5 The vertical pencil is defined by v{a) — ((po, 9o + a) or by the vector (0, 1) G T^^p^ g^^B. 

The vertical pencil v{a) focuses forward and backward at T((Pq), ie, at the boundary of the billiard, since 
a = 0, /3 = 1 and /,,e = a^^^ = 0. 

Lemma 5 Let a < \/2, h > and {(pi,9i) ~ R{ipo,(^o)- Let wo(cr) and wi(ct) be the vertical pencils 
at (iy9o,^o) o,nd ((ySij^i), respectively. Let ri[a) — [ipi + aa^Oi + /3(t) be the linearization of the pencil 
R{vo{a)). Then a ^ and ^ > 0. 

proof: {a,P) = i^i?(^„,eo) (0, 1) = i^i|^(^oi, ^oi - Risin0,). So, a ^ and f = ioi-R,sine, _ 

If a < v^, the half-osculating circles of an ellipse with half axes a and 1 are totally contained in the 
ellipse So, loi > Ri sin^i and ^ > 0. 

Notice that, geometrically, this lemma shows that R deviates the vertical to the right. 

Definition 6 The horizontal pencil is defined by h{a) = {(fa +a,9o) or by the vector (1,0) e Ti^^^ g^^B . 

The horizontal pencil focuses forward and backward at a distance i?o sin^Oi ie, at the intersection of the 
core with the half-osculating circle at (^sq- 

4.3 A cone field on TB 

Definition 7 For each {(p,0) G B, define the measurable cone field {C{ip,0)} C TB by 

• if ((^, 9) e Ui or U2, C{^, 9) = {rX„ + sX^, r.s > 0}, 

• if ((^, 9) e Ml or M2, C{<f, 9) = {rX, + sX,, r.s > 0}, 

where Xh = (1,0) is the horizontal pencil at {(p,9), X„ = (0,1) is the vertical pencil at {(p,9) and 
, ~ /as ) ' where F is the first integral of the elliptical billiard, is the caustic pencil at {^p, 9). 

Remember that the elliptical stadium is defined by two parameters: a and h. The two half-ellipses have 
minor axes equal to 1 and major axes equal to a > 1, and the straight parts have length 2h. 



Theorem 1 If 1 < a < ^4 - 2^2 and h > 2<j?\J a} — 1, then {C(iy9,0)} is eventually strictly invariant 
under DR. 

outline of the proof: If {(po,9o) E Mi, i ~ 1,2, the trajectory associated to {lpo,9o) has at least two 
consecutive reflections at the same half-ellipse, being ipo one of them. So, the orbit remains on the 
integral curve F — F{ipQ,9Q) and the trajectory has, while staying on the same half-ellipse, a conic 
caustic. Taking 

M{i,£) = {{ipQ, 9q) such that the caustic is an ellipse} 

and 

M{i,Ti) = {{foi ^o) such that the caustic is a hyperbola}, 
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we have B, = {M{i,S))\J{M{i,n))\JU^, i = 1,2. 



Our aim is to prove that for almost every (ipo^Oo) e B, with {(pn,On) — R"{ipo,9Q), we will have 
DK'^{C{tp 0,(^0)) C C{(pn,On) and, for almost every ((^0,^*0) G B, we can find a. k — k{^po,Oo) such 
that DR^{C{ipQ,B^)) C zntC(^fe,0fe). 

The cones C((p, 0) are bounded by the vertical pencil and by either the horizontal or the caustic pencil. 
If a < \/2, the vertical pencil is deviated to the right under DR (lemma ||). Since det{DRi^^^ g^^) > 0, all 
we have to do is to compare the slope of the image of Xc{(po, Oq) or Xfi{Lpo, Oq), under DR, with the slope 
of Xc{R{ipo,do)) or Xh{R{^p(),9o)), depending on where R{ipo,6o) is. We have to look for the point of 
tangency with a conical caustic or for the intersection with a half-osculating circle, forward or backward, 
in order to apply Donnay's Focusing Lemma. All the possible situations are analysed in 7 propositions 
in the appendix, and we conclude that if 1 < a < \/ A — 2\f2 and h > 2a^\/a'^ — 1, the forward focusing 
point appears before the backward one. 



5 Main Results 



Take S : A — > A the map associated to the billiard on the elliptical stadium. 

A = [0, 27r + ih] X (0, tt) = 61 U -^1 U '82 U ^2, where: Bi = [0, tt] x (0, tt), J^i = [tt + /i, tt + 2h] x (0, tt), 
B2 ~ [n + 2h, 2n + 2h] x (0, tt) and J^2 = [Stt + 2h, 2t: + 4/i] x (0, tt), the Bi corresponding to the reflections 
at the elliptical part and the Ti corresponding to the reflections at the straight part. 



Let A = A\ [W Pi .4), where W is the measure zero set deflned in subsection B.l. ^ = -Bi IJ Fi |J 1^2 U -^2, 
B,=B,\{W(^Bi), z = 1,2, F,=T,\{W^T,),i^l,2. 



As in subsection [4. ij let Ui = {(io,^'o) e such that S'(to, 6*0) and ^"^(io, ^'o) ^ Bi} and Ah = {(io,6'o) e 
Bi such that either S{tQ, 6q) e B^ or S'^H^o, ^'o) G Bi}. 

Corollary 6 For each {t,9) G A, define the measurable cone field {C{t,9)} C TA by 

. if (t, e) e Ml U M2, Cit, 9) = {rX„ + sX„ r.s > 0}. 

• if {t, 9)eUi{j U2, Cit, 9) - {rX„ + sXh, r.s > 0}. 

• ^f{t,9)eFi[jF2, C{t,9)=DS{C{S-\t,9))). 



and h > 2a^\Ja? — 1, then {C(i, 0)} is eventually strictly invariant under DS. 

Applying Wojtkowski's theorem, it follows that for those values of a and h, the Lyapunov exponents are 
non-vanishing /i-almost everywhere. In (^],§14. A), Liverani and Wojtkowski proved that the strictly 
invariance of the cone-field implies the non-contraction property of its vectors. And also that the other 
conditions on the dynamical behaviour of the singularity curves (the vertical lines on the phase space, 
given by Wq, W^, WTr+2h and W2TT+2h) have been satisfied. All those additional conditions allow to prove 
that the system is not only chaotic, ie, has non- vanishing Lyapunov exponents, but also ergodic and (see 
pof , sec. 4) is a K-system. 

So, we have: 



Theorem 2 If a < \/4 - 2\/2, then Wh > 2c?\/ — 1, the map associated to the elliptical stadium has 
non-vanishing Lyapunov exponents ^-almost everywhere, is ergodic and has the K-property. 
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Figure 6: a = 1.07 and h = 0.01, h = 0.1, h = 0.815 



6 Final Remarks 

Actually, the numerical simulations suggest much more about the dynamical behaviour, as we present 
bellow. 

1) 2a^V — 1 does not seem to be an optimal lower boimd for h. The phase space seems "chaotic" for 
values of h smaller than this bound, at least for a < v4 — 2\/2. 

The dependence on y/ — 1 seems reasonable, since it measures the focal distance of the half ellipses. 
What seems to be unnecessarily big is the factor 2a^ that is clearly an overestimation for h, used on the 
proof of proposition ^, to assure that the focusing points of orbits from M(l, H) to M(2, Ti.) are separated 
by a reflection at the straight part. 

In any case, the lower bound curve h{a) = 2a2y^23T is in agreement with what we expected for a I. 
For the circular stadium billiard, or a — 1, h > implies ergodicity. This will not be the case for a 1, 
because the structure of the phase space of the elliptical billiard is not as degenerate as that of the circular 
billiard. The vertical tangent at a = 1 reflects this fact. 

2) Va > 1 and Vh > 0, it seems that a neighbourhood of the boundaries 9 = and 6* = tt is invariant. As 
shown in proposition |^, the behaviour of the cone field there is analogous to the behaviour of the cone 
field constructed by Donnay |^] for the circular stadium. And this, perhaps, invariant neighbourhood is 
a chaotic zone of positive measure, even for small /I's (figure 0). 

3) Va > 1 and V/i > 0, some initial conditions near = (or 6 = 7:), after a finite number of iterations, 
come near 9 = t: (resp. 9 = 0), showing that the trajectory changes orientation in relation to the 
orientation of the boundary of the billiard. This indicates that the invariant manifolds of the hyperbolic 
2-periodic orbit {{tt/2, Tr/2), {3tt/2 + 2h, tt/2)} (which have corners) cross and that there are homoclinic 
points and, then, non-integrability (figure 

4) Canale and Markarian Q have proved the existence of symmetric periodic orbits for the elliptical 
stadium and have pointed out that for a > 1, h > 0, there exists a 4-periodic orbit, which is elliptic if 
h < \J o? — \ and hyperbolic if /i > \J o? — 1. The numerical simulations they caried out show that, while 
it is elliptic, it is encircled by elliptic islands of positive measure and, fixing a < \f2 and increasing h, 
those elliptic islands seem to be the last to disappear, among all those that can be observed, at least, for 
small values of h. For a > \p2, the elliptic islands remain, even if h is very big. 

5) In the construction of the cone field, as in Donnay 's proof it becomes clear why the lower bound 
for h must increase to infinity as a approaches \f2. As a approaches \/2^ , there is a trajectory on Af 
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Figure 7: 32,000 points of a unique orbit and the unstable manifold, for a=l. 07 and h=0.15 

that has two reflections at the same half-ellipse and cuts the minor axis of the half-ellipse closer and closer 
to the center of the half-ellipse, ie, with a direction near the direction of the asymptote of the hyperbolic 
caustic. This means that the focusing distance of the caustic pencil goes to infinity and so, we need to 
put the half-ellipses farther and farther apart to assure that the caustic pencil will have enough space to 
focus and to open again. 

This also shows that h{a) = 2a^V — 1 can not be the lower bound for a ~ \/2. h[a) must be determined 
by pieces. We believe that the determination of h{a) is closely related to the structure of bifurcation of 
periodic orbits with hyperbolic caustic on the elliptical billiard (figure ||). 



Appendix 

We analyse, here, all the possibihties for a piece of orbit {[•^o, Oq), {(pi,6i)}. 

Proposition 7 Suppose that {ipi^ 9i) = R{(po^ 9o) = T(ipo^ Oq), ie, ipi and ipo are in the same half-ellipse. 
If 1 < a andyh > 0, then DR{C{ip(), 9q)) C C{ipi,9i), but the invariance is not strict. 

proof: If {ipi,6i) = T{lpo,6q)^ then ((po,^o) and [ipi,9i) are on an integral curve of the elliptical billiard 
and ((/9o,^o), G Mi, i ~ 1,2. The cones are: 

Ci^,,0,) = {rX,{ipj,0,) + sX,{ipj,0,), r.s > 0}, j = 0, 1. 

And DR^^^,^0„){X,{ipo,eo)) = OT(^„,eo)(^c(<^o, ^o)) = XX,{^,,Oi), A ^ 0. 

Proposition 8 Suppose that 

((^o,fi'o) e M{1,£) (resp. M{2,£)) and ((/?i,6li) G M{2,£) (resp. M{\,£)). 
If\/a > 1 andyh > 0, then DR{C{ipo,Oo)) C intC{ipi,0i). 

proof: {if 0,0a), {'fi,Oi) £ Mi, i = 1,2. and: 

Cif,,e,) =. {rX,i^,,e,) + sX,{if,,e,), r.s > 0}, J = 0, 1. 

The caustic pencil Xc{(po,Oo) focuses forward at Pq, the point of tangency of the forward segment of the 
trajectory with the elliptical caustic; and the caustic pencil Xc{(pi, 9i) focuses backward at Pi, the point 
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of tangency of the backward segment of the trajectory with a new eUiptical caustic. These two eUiptical 
caustics are no longer confocal, but have the same focusing distance c = ~ 1 and their foci he on the 
same straight line. 

If the trajectory between ipQ and fi does not hit the straight part of the elliptical stadium, elementary 
geometry of ellipses plus the focusing lemma give us that: 

s\ope{DR(^^^gg-,Xc{(po,eQ)) > s\opc{Xc{(pi,ei)). 

If it hits the straight part, Pq clearly appears before Pi when going from (po to cpi, and the focusing 
lemma gives us that: 

slope(Di?(^^^9g)Xc((^o,6'o)) > slope(Xc (</?!, 6*1)). 
Proposition 9 Suppose that either 

a) {ipo,9o) e M{1,£) (resp. M{2,£)) and {ipi,9i) G M(2,H) (resp. M{1,H)), 
or 

b) {v^o,0o) e M(l,7i) (resp. M{2,'H)) and ['^1,61) e M{2,£) (resp. M{1,£)). 

c) jifoJo) e M{l,n) (resp. M{2,n)) and {ipi^Oi) e M{2,n) (resp. M{l,n)). 
// 1 < a < V4- and h > 2a^^Ja^ - 1, then 

DR{,po,Oo)i^i'fio,Oo)) C intC{ipi,ei) . 

proof: of a) (<pi,6'i), {ipn,9^) £ M.i, i = 1,2. And 

C{^j,ej) = {rX,{ipj,e,) + sX,{ipj,e,), r.s > 0}, j = 0, 1. 

The situation is equivalent to that of the last proposition, except that now the caustic defined backward 
by {(pi,0i) is a hyperbola. 

The proof is based on the following results: 

i) if 1 < a < V2 and {ipi,9i) g M{i,Ti), i = 1,2, then this part of the trajectory has exactly two 
reflections at the same half-ellipse, before leaving it (|^). 

ii) On the elliptical billiard, take a trajectory on H having two consecutive reflections (po and (pi at the 

same half-ellipse. If 1 < a < ^4 - 2V2, then the caustic pencils at ipo and ipi focuses forward and 
backward inside the ellipse (corollary ^) . 

iii) if h > 2a^vc? — 1, then every trajectory on Mj P|7Y, i = 1, 2 has at least one reflection at the straight 
part of the elliptical stadium before and after the two consecutive reflections at the same half-ellipse, 
(proof: We should calculate the distance d from ip = to the reflection at the straight part of the 
elliptical stadium. The worst situation is that of a trajectory that leaves 1^9 = in the direction of the 
focus. Straightforward calculations lead to d = 4ca^. ) 

The interior of the elliptical stadium may be seen as the union of the interior of two ellipses, with half-axes 
a and 1, and the interior of a rectangle, with sides 2h and 2. Notice that, if h > y/a"^ — 1 = c, the foci 
of the two ellipses are separated. Let us call Ei and E2 the interior of the ellipses, and Q the interior of 
the rectangle. Notice that the straight parts of the elliptical stadium are not contained in Ei[J E2. 

From the results above, it is clear that the trajectory from ipo to tpi touches an elliptical caustic at Pq in 
El (or E2), hits the straight part, and then touches a hyperbolic caustic at Pi in E2 (or Ei). 
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The Focusing Lemma now gives that 

slope(I?i?(<^o_eo)^c(<y5o,6'o)) > slope(Xc((y3i, 6*1)). 

the proof of b) is, by symmetry, equivalent to a); the proof of c) is analogous. 

Proposition 10 Suppose that either 

a) iipo,Oo) e M{1,£) (resp. M{2,£)) and {ipi,9i) e U2 (resp. Ui) 
or 

b) {ipo,Oo) e Ui (resp. U 2) and {ipi,9i) G M{2,£) (resp. M{1,£)). 
Ifl<a<V2 and h > \/ a? — \, then 

£'i?(vo,0o)(C(v'o,6'o)) C intC{ipi,ei). 

proof: (of a) ) {(po,(^o) G Ali, and {(pi,6i) ^ Ui, i — 1,2. So, the cones are: 

C{ipo, 60) = {rXy{(po, Oo) + sXc{(po, Oq), r.s > 0}. 
C((^i,0i) = {rX,{ipuOi) + sXh{ipi,ei), r.s > 0}. 

We have to compare the positions of the forward focusing point Pq of the pencil Xci^pQ, 0a) to the backward 
focusing point Pi of the pencil Xh{^pi, Oi). Pq is the point of tangency with the elliptical caustic and Pi 
is the intersection of the backward segment of trajectory with the half-osculating circle at ipi. 

If the trajectory between ipo and ipi hits the straight part of the elliptical stadium, this reflection separates 
Pq and Pi, and the Focusing Lemma gives 

slope(Z?P(yQ^ 

Now suppose that it does not. Suppose also that (fa E [7r/2,7r) (the other cases being analogous by 
symmetry) . 

If f() + 0Q> TT, Po is contained in the interior of the half-osculating circle of (p ~ tt (lemma 

On the other hand, call O^^ the union of the half-osculating circles, from (p ^ ipo to ip ~ (po + n /2. If 
a < a/2 and h > c — \J a? — 1, Ot^ii and 03^/2 a-re disjoint and contained in the interior of the elliptical 
stadium Q Then, if pQ G [7r/2, tt), po + 9q > tt and pi G [3tt/2, 2tt), the focusing lemma applies and 

s\ope{DR(^^^g^-)Xc{po, 60)) > s\ope{Xh{ipi,9i)). 

If Po e [7r/2,7r), Po + 9o > tt and pi e (tt, 37r/2), the segment of trajectory does not cross the line 
containing the foci of the caustics. So, it touches a new elliptical caustic on the other half-ellipse. 
Besides, Xc{pi, 9i) has positive slope (because the integral curves on £ are increasing for p e (tt, 37r/2)). 

As it was shown in proposition ^, 

s\ope{DRi^^^^eo)Xc{(po, do)) > slope(Xc ((/?!, 6*1)) 

^ Given an ellipse with half— axis 1 and a, 1 < a < i/2, centered at (0,0), the intersection of 0^/2 with the x-axis 
C [— — 1 , i] and of C'3,r/2 with the x-axis C [—a, \/a^ — 1] . So, on the elliptical stadium, if h > \Jo? — 1, 0^/2 ^^id 
'^37r/2 ai's disjoint. 
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and 



slope(Xc(^i, Si)) > = s\ope{Xh{(pi,ei)). 



li (fa + 9o < TT and h > c ^ \/ a?- — 1, Pq is contained in the interior of the half-ellipse (ie, Ei \ [Ei P| Q)) 
and Pi is contained in O^. So, slopc(Xc(((9i, 6'i)) > = slope(X;i(<y9i, 

The proof of b) is analogous to a) (by symmetry). 
Proposition 11 Suppose that either 

a) {^o,0o) e M(1,H) (resp. M{2,H)) and {(pu9i) G U2 (resp. Ui). 
or 

b) {^o,eo) e Ui (resp . U2) and {^i,9i) e M{2,H) (resp. M{1,H)). 
// 1 < a < 2\/2 and h > 2a^\/a^ - 1, t/ien 

^i?(vo,eo)(^(<^0,^o)) C Z7ltC((^i,0i). 

proof: (of a) the proof is analogous to the first situation in proposition nO, but notice that if ((/9o,^o) G 
M{\,U) (resp. M{2,n)) and ((/?i,6li) e [/a (resp. Ui), if 1 < a < \/4 - 2^2 and > 2aVa2 - 1, then 
the trajectory touches a hyperbolic caustic at Po in ii^i (or E2), hits the straight part, and then cuts the 
half-osculating circle at (^1. 

The proof of b) is analogous to a) (by symmetry). 
Proposition 12 Suppose that 

{(po,&o) & Ui (resp. U2) and {ip i,9i) G U2 (resp. Ui). 

Ifl<a<V2 and h > sj - 1, then DR(^^g^eg^{C{tpo,Oo)) C intC{ipi,9i) 



proof: The cones are: 

Ciip^,9^) = {rX,{ip„9,) + sXhiip^,9,), r.s>0}. 
Suppose that ipo G [7r/2,7r) (the other cases being analogous by symmetry). The forward focusing point 

PoofX„(^o,eo)eOv2- 

If (fi £ [3tt/2, 27r), the backward focusing point Pi of Xk.{fi,9i) £ OsTr/a- Since a < \f2 and h > \Jd?- — 
0^/2 a-nd OsTr/a are disjoint, the result follows. 

If (y3i G (tt, 37r/2], the trajectory does not cut the line containing the foci. So. the trajectory touches 
backward an elliptic caustic on the other half-ellipse at Pi . As in proposition p^ , 

slope(i:)P(y^^e^)Xft(.^o,^'o)) > slope(Xc(<^i, 6*1)). 

But Xc(iy9i, 6*1) has positive slope (because the integral curves are increasing for iy9 G (vr, 37r/2)). So 

slope(i:>P(^(j_e^)X/i(.^o,6'o)) > slope(Xc(<^i, 6*1)) > = slope(X,i((^i, 6*1)). 
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